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Abstract 

Topological charges of the D6-brane in the presence of a Neveu- 
Schwarz B-field are computed by methods of twisted ii'-theory. 
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1 Introduction 



D-branes are topological solitons, which charges are described 
by Grothendieck K-groups . We begin our consideration with 
instantons [0] as they ideologically remind D-branes. 

The self-dual equation for the SU (2) instanton has the form 

F = F* (1 1) 

where Yang-Mills strengths and potentials are defined as follows 

= d^Ai, — duA^ + [A^, Ai], F*^ = -e^jyAK^A^, £0123 = 1, 

cr°/2 are generators of the SU{2) group, X — (3^0? ^2? 2^3) Q-re 
coordinates in Euclidean space. 

't Hooft has found the 5A; parameter solution of the equa- 
tion (1.1) 

where r/^^, = {£oa^lu + 5a^,5ou - 5au5o^)(7'' , 

\i and y^i are parameters, k is the topological charge. 

It was shown in the works of Atiyah, Hitchin, Drinfeld and 
Manin 0, |5[ that dynamics of the equation (1.1) is encoded in 
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the principal bundle 



SU{2) P 
i 



(1.2) 



and in the associated vector bundle 
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P 



I 
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(1.3) 



The potential A^^ is a connection of the vector bundle (1.3), 
therefore it is possible to calculate it by methods of algebraic 
geometry. For this purpose following the techniques of Horrocks 
and Barth it is necessary to calculate the orthonormalized 
basis of sections Yp of the vector bundle (1.3). Then the poten- 
tial An will be equal to 



The topological charge k is an element of the homotopy group 



characterizing the principal bundle (1.2). 

In the next sections we shall apply the algebro-geometric ap- 
proach to the description of D-branes. 



AP^ = {YP, d.Y'^) . 



7T,{SU{2)) = Z , 
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2 Twisted K-theory 

Let us consider the following principal bundles describing D- 
branes [|7| 

U{n) ^Ph 

i (2.1) 
X 



SU{n)/Z,^ Ph 

i (2.2) 
X 



lim SU(n)/Z^^PH 

i (2.3) 
X 

where X is a compact manifold. 

This bundles are characterized by the Dixmier-Douady invariant 
i 

[H]eH'{X,Z) , 
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which represents the strength of a Neveu-Schwarz 5-field 
interacting with D-branes 



Hpi/p dpBjyp -\- OiiBpp^ -\- dpB^jy . 

For the bundle (2.1) 

[H]=0 , id est Hp,x = , Bp, = 0; 
for the bundle (2.2) 

n[H] = 0, id est Hp,x = 0, B^.j^O; 
for the bundle (2.3) 

[H]j^O, id est H^^xy^O, B^^j^O. 
The vector bundles associated with the principal bundles 
2.1), (2.2), (2.3) are given by 



Eh = PhxC'' , where ^wt(C^) = U{n) ; (2.4) 
Eh = PhX Mn{C) , where Aut{Mn{C)) = SU{n)/Z,, ; (2.5) 
Eh = PhxJC , where AutiJC) = limSU{n)/Zn ; (2.6) 

Mn{C) is the algebra of n x n matrices, /C is the algebra of com- 
pact operators. 

The space of sections of the vector bundle (2.4) is the algebra 
of continuous functions Co{X); 

the space of sections of the vector bundle (2.5) is the C*-algebra 
Co(X, Eh) , which is Morita-equivalent to the Azumaya algebra 



the space of sections of the vector bundle (2.6) is the Rosenberg 
C*-algebra Cq{X,Eh) 0. 



Let us consider the short exact sequences [jT2 



O^fC^B^ Co(X, Eh) ^ (2.7) 

Qi^lC^B' ^ Co(X, Eh) ^ (2.8) 

determining extensions of the algebra Co(X, Eh) by the algebra 
/C. 

If in the commutative diagrams 

O^K^B^ Co(X, Eh) ^ 

i i in 
O^JC^ B{H) A Q{H) 



Q^K^B' ^ Co{X, Eh) 

i i 1^2 

O^JC^ B{H) A Q{H) 

(where B{7i) is the algebra of bounded operators on a Hilbert 
space 7Y, Q{H) denotes the Calkin algebra) morphisms are re- 
lated by 

T2{S) = T^{U)n{s)ll{Uy 
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(s G Co(X, Eh), U is a unitary operator on then two exten- 
sions (2.7) and (2.8) are unitarily equivalent. 

Let Ext{X, [H]) denote the set of unitary equivalence classes 
of extensions of Co{X,Eh) by JC modulo splitting extensions. 
Then twisted K-groups are defined as follows [T^l 



Kj{X, [H]) = Ext{X X R\ pI[H]), j G N , 

where pi : X xW ^ X denotes projection onto the first factor. 
The Bott periodicity theorem asserts: 



KjiX, [H]) 



Ko{X,[H]) for even i, 
Ki{X,[H]) for odd j . 



3 Computation of twisted iT-groups 

A short exact sequence of C*-algebras 

O^A^B^Co{X,Eh)^0 
induces a hexagon exact sequence of twisted K-groups [{12 



KoiX,[H]) ^ KoiB) ^ Ko{A) 

T i (3.1) 

Ki{A) ^ K,{B) ^ K,{X,[H]) 
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The hexagon sequence (3.1) enables us to compute twisted K- 
groups. 

Let X = S^. We will compute twisted groups Ko{S^,n[H]) 
and Ki{S^,n[H]) for the case i^^i/A = , ^ . There is 

the short exact sequence 

Co(5'2) /C ^ CoiUi) (g) /C e Co(f/2) /c ^ 

(where {Ui^U^} is the open cover of by hemispheres) , 
which induces the hexagon exact sequence of K-groups 

K^{S\n[H]) ^ MUi) ® K^iU^) ^ i^o(^') 

T i (3.2) 

Ki{S'') ^ Ki{Ui) ® Ki{U2) ^ Ki{S\n[H]) 

Since 

i^o(^') = z , K^iUi) e i^o(t/2) = z , 
Ki{S^) = {), Ki{Ui) ® Ki{U2) = Q , 
the sequence (3.2) reduces to the exact sequence 

^ i^o(5'^ n[i^]) ^ Z ^ Z ^ i^l(5'^ n[i^]) ^ (3.3) 

Reduction of the sequence (3.3) to the exact sequence 

o-^z^z^z„^o 



yields the following result: 

Ko{S\n[H]) = , Ki{S^n[H]) = . 

The group Ki{S^, ^[^]) = determines topological charges 
of the D6-brane for the case H^,^x = 0, B^jy ^ 0. 
For comparision we present the Dj9-brane spectrum [|I| for the 
case E^,yx = 0, Bf,„ = : 



Dp 


D9 


D8 


D7 


D6 


D5 


DA 


D3 


D2 




DO 




g9-p 


go 










5^ 
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